CHAPTER 1

Basic Concepts

DIF FJ,RENTIAL EQUATIONS
w

A dzﬁ”erentzal equanon is an equation involving an unknown function and its derivatives. __.l)\

Example 1.1. The following are dlffelcntlal equations lnvolvmg the unknown function y.

i 2 Oflm: lenf V- BURKnowr Function
4 gX = 5% +3 - (D)
Ak ) 2 5 )
2 opE’
& ¢ df A DLy (1.2)
: dx dx
i )\(>/M_?s "n.‘.‘ et \ A d3y. dzy |
IRERARS 472 4 (sinx) =< £5xy =0 | 13
dx’ ( )dx2 ? )
d*y ’ dy dy Y
iy g s e e e (14)
a2y a2 poen
g =0 — fie 1.5
or? 8): s s

. A differential equation is an ordinary differential equation; (ODE)hf the unknown function depends on only

one mdelgendent variable. If the unknown function depends on two or more independent variables, the differ-

ential « equation is a partial differential equation (PDE)J With the exceptions of Chapters 31 and 34, the primary
focus of thts boo/c will be ordmary differential equations.

,Example 1.2, Equatlons (1.1) through/(1.4) are examples, of ordinary differential equations, since the unknown function y
“ depends solely on the variable x. Equation (1.5) is a partial differential equation, since y depends on both the independent
anableb_r and x.

& The orderfof a differential equation is the order of the highest dc:t}vatwe appearing in the equatlon
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Example‘h3:= ew.aticm (1.1) 18 a first-order diﬂewntmi equation; (1.2), (I.4), and (. 7} are second-order differential
equations. [Note in (1.4) that the order of the highest derivative appearing in the equation is two;] Eqmlmn (1.3) is'a third-
order differential equation. E T d M ﬁ/ s I (N 3y ; & )} D /)
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The expressions ¥ ¥y, »¥, ..., 3" are often used to represent, respectively, the first, second, third, fourth,
..., nth derivatives of y with respect to the independent variable under consideration, Thus, y” represents d>yldx?
if the independent variable i§ x) but ropresents d%y/dp® if the independent variable is(p. Observe that parentheses
are used in y™ to distinguish it from the nth powe, y*. If the independent variable is time, usually denoted by ¢,
primes are often replaced by dots. Thus, J, §, and Y represent dy/d, d2yldi?, and dyldF, respectively.
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Agsqlutibﬁgof a differential equation in the unknown function y and the independent variable x on the interval
9, is a function y(x) that satisfies the differential equation identically for all x in $.

Example 1.4. Is y(x) =¢; sin 2x + ¢, €08 2%, where ¢, and ¢, are arbitrary constants, a solution of y" + 4y =07
Differentiating y, we find

y =2¢; cos 2%~ 2c; sin 2x  and y”=—4c sin 2x — 4¢y cos 2x
Hence, Y + 4y = (= 4c sin 2x — 4, cos 2x) + 4(c; sin 2x + ¢; €08 2x)

= (~4dc +4c) sin 2x + (- dcy + 4oy cos2x o 3
(-,\‘w; 3y \'\ "\%u‘y!i i{ S é\‘

=0

Thus, y = ¢y sin 2x + ¢, cos 2x satisfies the differential equation for all values of x and is a solution on the interval (= %, ).

Example 1.5. Determine whether y =x* — 1 is a solution of ( Yyt yE=—1)\ ("

Note that the left side of the differential equation must be nonnegative ?é!ery real function y(x) and any ¥, since it
is the sum of terms raised to the second and fourth powers, while the right sidé of the equation is negative. Since no function
y(x) will satisfy this equation, the given differential equation hag no solution,

We see that some differential equations have infinitely many solutions (Example 1.4), whereas other dif-
ferential equations have no solutions (Example 1.5). It is also possible that a differential equation has exactly
one solution. Consider (y)* + y* = 0, which for reasons identical to those given in Example 1.5 h s}—-_bnly one
solution y = 0. - 2 vl ol o A A
a differential equation is any one solution. The general solution of a differential

2 (U Lok Pf"fz’gai_‘ticular solutiqﬁ\,of
" equation is the set of all solutions.

i,
o

Example 1.6. The general solution to the differential equation in Example 1.4 can be shown to be (sce Chapters 8 and 9)
y = ¢y sin 2x + ¢; cos 2x. That is, every particular solution of the differential equation has this general form. A few particular
solutions are: (@) y = 5.sin 2x — 3 cos 2x (choose ¢1 = 5 and ¢5 = — 3), (b) y = sin 2x (choose ¢; =1 and ¢, =0), and (c) y=0
(choose ¢i=c¢, = 0).

The general solution of a differential equation cannot always be expressed by a single formula. As an example
consider the differential equation y’ + y*=0, which has two particular solutions y = 1/x and y = 0.

iy Py
INITIAL-VALUE AND BOUNDARY-VALUE PROBLEMS SRR \

A differential equation along with subsidiary conditions on the unknown funetion and its derivatives, all
given at thesame value\of the independent variable, constitutes atﬁ_igjﬁt_i‘al—value prob_l/e_zﬁ’. The subsidiary condi-
tions are initial conditions. If the subsidiary conditions are given at more than one value of the independent

variable, the problem is a boundary-value problem and the conditions are boundary condi'tion/s;
R R o~ T N
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gfﬂn_gl’ejﬂ The problem y” +2y" = ¢% y(m) = 1, y'(%) = 2 is an: 1111t1a1»;Vahie;j_5r@Blem9 bethuseithe: twiosubsidiaty G’Z)ﬁ—
itions are both given at x = 7, The problem. m = e*,’}ffﬁ =1, y( 1)=1 is a boundary-value problem, because the two
submdlary ‘conditions are gwen at the different values x = 0 and xs=

: so!utﬁto an initial-value or boundary-value problem is a function BYEY)

sthat both»solv.e
equation and satisfies all given subsidiary conditions.
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and the independent variable in each of the following differential

degree
Determine the order, unknown function,
equations;

/- @ oft=ny e ®) B r‘%‘a - (sin-r.)f ==t
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vt s dp* dp _
(@) 'I‘hu“d order, because the highest-order derivative is the third, The unknown function is ; the independent
. vatiable is x.

(b)  Second-order, because the highest-
variable is ¢, _

() Second-order, because the highest-
variable is .

(d) Fourth-order, because the hjghest-mﬂer derivative is the fourth. Raisin
alter the number of dérivatives involved. The unknown function is b;

e A és(f"\ ek

Determine the order, unknown function,

differential equations:

order derivative is the second. The unknown function.is y; the independent
order dérivative is the second. The unknown function is 4; the independent

g derivalives to various powers does not
the mdependent variable is p.

and the independent variable in each of the following

]
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@ Seqond-arden The unknown function is a3 the independent variable is. o
(b). - First-order, because the highest-order derivative, is the first even though
unknown function is x; the independent variable 1§ y.* _
(¢) ~Third-order, The: unknown function is x; the independent variable is 7.
Fourth-order, The unknown function is y; the independent variable is . Note the difference in notation hetween
‘the fourth derivative y(‘*) with parentheses, and the fifth power y°, without parentheses.

it is raised o the second. power. The

ot Dctenmne whether y(x) =2¢™* +xe""‘ is a solution'of y” +2y 4+ y=0. |
Dzﬁferenuatmg y(x), it fo]luws that

V() ==2e+ ¥ mxe™ =L gV xo
V) =e - e e =
Sﬁbsﬁtuﬁqg_ these vall']és into 'ﬂle differential equation, we obtain
}’” + 23’( "“)’ = 2(- —xe™) + (e N+ xe7) =0

Thus, (x) isa solutmn ' '
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Is y(x) =1 a solution of y” + 2y’ +y = x?

From y(x) = 1 it follows that y'(x) = 0 and y”(x) = 0. Substituting these values into the differential equation,
we obtain

Y +2y +y=0+20)+1=1%x

Thus, y(x) = 1 is not a solution. ' j

Show that y =1n x is a solution of xy” + y" =0 on $ = (0, =) but is not a solution on F = (— 0, o),

On (0, ©) we have y'=1/x and y”=- 1/x>. Substituting these values into the differential equation,

we obtain
77 / 1 :
Xy +y =x[——.2)+l=0 .
i Ju

Thus, y = In x is a solution on (0, ).

Note that y = In x could not be a solution on (— %, %), since the logarithm is undefined for negatlve numbers
and zero.

Show that y = 1/(x* - 1) is a solution of y +2xy*=0 on $ =(~1, 1) but not on any larger interval
containing $.

On (=1, 1), y=1/(x* - 1) and its derivative y’ = - 2x/(x* ~ 1)* are well-defined functions. Substituting these
values into the differential equation, we have

2
, . 2x 1
y+2xy2:-—(x2_1)2+2x|: 2 :| =0

Thus, y = 1/(x> - 1) is a solution on $ =(-1,1).
Note, however, that 1/(x* — 1) is not defined at x = 1 and therefore could not be a solution on any interval
containing either of these two points.

Determine whether any of the functions (@) y; = sin 2x, (b) y,(x) = x, or (¢) y,(x) = £sin2x is a solutlon
to the initial-value problem y” + 4y = 0; ¥(0) =0, y'(0) = 1.

(a) y1(x) is a solution to the differential equation and satisfies the first initial condition ¥(0) = 0. However, y;(x)
does not satisfy the second initial condition (y/(x) =2c0s2x;y{(0) =2cos0 = 2 # 1); hence it is not a solution to the
initial-value problem. (b) y,(x) satisfies both initial conditions but does not satisfy the differential equation; hence

¥2(x) is net a solution. (¢) ys(x) satisfies the differential equation and both initial conditions; therefore, it is a solu-
tion to the initial-value problem.

Find the solution to the initial-value problem y’ +y=10; y(3) = 2, if the general solution to the differential
equation is known to be (see Chapter 8) y(x) = ¢, where ¢, is an arbitrary constant.

Since y(x) is a solution of the differential equation for every value of ¢, we seek that value of ¢; which will
also satisfy the initial condition. Note that y(3) = c e, To satisfy the initial condition y(3) =2, it is sufficient
to choose ¢; so that ¢,e™=2, that is, to choose c¢; =2¢% Substituting this value for ¢; into y(x), we obtain
y(x) = 2e%e™* = 2% ag the solution of the initial-value problem.

Find a solution to the initial-value problem y” + 4y = 0; y(0) = 0, y’(0) = 1, if the general solution to the
differential equation is known to be (see Chapter 9) y(x) = c; sin 2x + ¢, cos 2x.

Since y(x) is a solution of the differential equation for all values of ¢, and ¢, (see Example 1.4), we seek those
values of ¢; and ¢, that will also satisfy the initial conditions. Note that y(0) = ¢; sin 0 + ¢, cos 0.= ¢,. To sdtisfy

the ﬁrst initial condition, y(0)=0, we chogse c¢;=0. Furthermore, '(x)=2¢; cos 2x—2c, sin 2x; thus,
&
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y (ﬂ) 2¢; ¢os 0= 202 sin 0.=2¢. To satisfy the second initial oundltmn, ¥(0) =1, ‘we choose 2¢; =1, or
Subsutunng these values of ¢; and q into y(x), we obtain y(x) = +sin2x as the solution of the initial-value
prablem.

Find a solution to the boundary-value problem y” -+ 4y = 0; y(1/8) = 0, y(1/6) = 1, if the general solution
to the differential equation is y(x) = ¢; sin 2x + ¢, cos 2x.

& A (]U( Vo[ po(1]

To satisfy the condition y(n/8) =0, we i‘é'qmre
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o satisfy the Second condition, y(n/6) = 1, we require

1 {Ey 1 g :
V3 2, =1 @

' Solying (7):and (2) simultancously, we-find

Substituting these values into y(x), we obtain

Jx) = J;_ltsiﬁzx: c0s2x)

as the solution of the boundary-value problem, |

. '%"«t@r the* boundary alind probienf Y 4y =0y y0) =1, Y2 = 2 ifthe generdlisolutioh
1o thc deferenual equatiori is known:to be y(x) = ¢; sin 2x + ¢, cos 2%,

Since y(0)= ¢, sin 0+ ¢, cos 0= ¢,, we must choose ¢y =1 to satisfy the condition y(0) = 1. Since y(7/2)
= ¢y 8in 7T+ ¢, cos =~ ¢35, we must choose ¢, = -2 to satisfy thesecond condition, y(7/2) = 2! Thus; to. satisfy both
boundary conditions simultaneously, we must require ¢, to equal both 1 and — 2, which is impossible. Therefore,
there does not exist a solution to this problem, h

1.12. ' Determine ¢, and ¢, so that y(x) = ¢y sin Zx + ¢, cos 2x+ 1 will satisfy the conditions y(n!S) 0 and

S Ymi8=2. | |
.?’(%ch'f%f[%]w[%%1=f'[%~ffl+cz(%ﬁ]“

Note that
To satisfy the/condition y(m’S)%‘O,wer | ,z‘ei’%cl(h*«/_~ 2) + 05(2 «[— 2) +1&0, oﬁ*equlvalehtly, 3
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Hiaysh22) =425 (abe) - 127 (a)Coe) =\ dep.

B Detormine ¢, ande, $0 that V) = cl’e%‘-P aze" +»2a~é1h’" :

' From =~ . ) _ y (x)=20162"+cze”+2c§)sx '
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Since y'(x) =2¢; cos 2x — 2¢, sin 2x,

To satisfy the condition y'(72/8) =+/2, we require ~2¢, ~v/2¢, =+/2, or equivalently,

ci—e=1 @

| SoIVmg (J)Vand“@) Simultgneéusly, We' Obtam cl == "(“/— 5*191 'av& U w2 ﬂ@u{".}%mhw., ui LGP ,.-““

/.

Betause sifl 0 0 y(O) c1 +cp To. satxsfy the ¢on ,dltlon y(O) =0

R S L 1

.5‘;‘#:»&}3_‘;

‘(OL

we xhaVey H()E] 2c1 ey 4 2 To satlsfy the condltion y (9) .1, we require 2c1 + cz + 2 = 1 or '
T ) A O PRy : 0 g op-ei By Cr s e

g : "_,"ﬁ‘.l Y S 0§ o 2C1 +CZ="'1 ’ c . g o | . (2) .

: 3 Bnifi o s e i b (4 pavelog, g =

Solvmg Iy and ) s1mu1tanéously, we. obtam 01 =~ and G 1 ;

Supplementary Problems N R I L BT
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In Problems 1,14 thlough 1.23, determine (@) the O{del, (b) the unknown function, and (c) the independent
variable for each of the given differential equations, & 12

1.14,

1-16-

1.18,

1.20.

1.22.

1.24.

1;2’5".
g

0" =3y +xy=0 .1}5. x“y‘.“) +xy =t
125~ 15 =1—~sint 117, YOy 2y’ = xy Hsiny =0
%“J‘ 1 1,19, [j: J;%};ﬂ%:o
|
(%T“’ +y=x 1,21. -:‘g_j’.zgp
[%j =3p \ ,YﬁS y© 4 294y 4. 598 :.:-e:Jr
Which of the following functions are solutions of the differential equation ¥’ — 5y = 0?

(@ y=5, (b) y=5x% (o) y=x, @ y=ér, (e) y=2e%, (f) y=5

‘Which of the following functions are solutions of the differential equation y’ — 3y =67
M y==2, (B y=0, (0) y=%"-2, (d) y=é"-3, (¥ y=4e*-2
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127, _Wlnch ofithe: followmg afunctlons are’ solutmﬁs" of'th*e diﬁﬁmﬁmal_\équa,twn dy!drm y!'t’? b
- T O/ s [}
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1.28.  Which of the following I funaﬁells are solutions of the dlffexennal equanon N =4 E\"Jﬁ

dy 2}' x

@ y= (=i

@ y=x (b) y=x-2, (©  y=yth= :

/_x . JWhich of the follawmg functions are solutions of the differential equation Vi—y=02
L@ y=e, - By y=sinx, Q) y=det, @ y=0i (e) y=ia+l

130, Which of the followmg functions are solutions of the differential equation y” —xy" 4y =07
) y=d By Lé)‘ylxz(d)y%22(¢‘iy0

ST ik
B

% : F A, O
. Which of the following functions are so]utlons of the. d1fferent1a1 equauon ¥=d4i+dx=¢
.-(a) x=é, ) x=é*, (©) x=é*+¢, (d) x=tefl+ e, () x—e2’+te

‘In Problems 1.32 through. 1.35, find ¢ so that x(?) = ce2‘ sat1sﬁes the given 1n1t1a1 condition. -

132, x(0)=0 .(O)ﬁl 134, x(1)=1 ( 1.35 }(2)— ‘

In Pmblems 1 36 through 1 39 find 50 that y(x) (1w xz) satisfies the given initial condition,

S y(l) 0 138 y(z) 1 .39)3@)"2

40 through 149, ’ﬁnd ¢ andc,’s0 !chat y(x) ¢1'sin'x +.¢5 cos x Will satisfy the gwen conditions.
lctémnin whether the gwen condmons are initial conditions or boundary conditions.

O]

0 =1 YO =2

1.42.

5 =] Y= =2

144, YO)=1, y’(%]':l

Lo

1.47.. y(%)zﬂ.. ¥(0) =0

/

\_ 11:49;/);(_0): 0, )3*(5’2__]:_1

146. yO)=1, ym=2

/
/

Mg
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In Problems 1.50 through 1.54, find values of
initial conditions.

. o) = cief i conisings, 0y

151, yo)=cp+cy+a2-1; y1)=1,
152, y(x) = cie" + 6™ + 3¢, ¥(0) =0,
153, yepsscp Sin'f:’ﬁ"'*fa'égrOOS;x:ﬁ‘('.’fl‘;u;‘éiy(-@‘#@'

LSd. y(x) = cie" + cpxe* + x2e; y)=1,

¢ and ¢, so that the given functions will satisfy the prescribed

i Y0
Y)=2

Y(0)=0

bl =0

Y=L



