
Basic Concepts

DIFFIRENTIAL EQUAI'IONS
u-A 

clignrrntial eqtrationis an equation involving an unknown function arrd ils clerivatives. *-f,

Example 1.1. The following ale diffet'ential equations involving the unknown fr.rnction y.
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A differential equation is an orclinary di,fferential equationi(ODE)lif the unknown function depends on only

"SlleJggpgIdent variable. trf the unknown function depends on two or more independent variables, the cliffer-
ential equation b a partial dffirential eqrntion lfle.lJ With the exceptions of Chapters 3l anct 34, the primary
focus of this book will be ordinary dffirentiat equatio:ns.

.tkarnple 1'2' Equations (1.1) through (1.4) arcexamples, of orclinary differential equations, since the unknown function y" depends solely on the valiable.x. Equation (1.5) is a paltial ciiff'erential equation, since y dspends on both the independent
variables I and -r.

order differential equation.
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A\soLunon\ofa differential equation in the unknown function y and the independent variable r on the interval

g, is a function y(.r) that satisfies the clifferential equation iclentically for all x in ,9.

Example 1 .4. Is y(x) = c1 sitt 2x+ cz cos 2x, wherc c1 arrd c2are arbitrary constants, a solution of y" + 4y = Ql

Diffelentiating y, we find

y' =2ct cos2x-2c2sin2x and y" =- 4cr sin 2;r- 4c2cos2x

y" + 4y = (- 4c1 sin2x - 4c2cos2x) + 4(c1 sin 2x + c2cos2x)

= ( -  4 c 1 + 4 c 1 )  s i n  2 x +  ( -  4 c 2 +  4 c ) c o s  2 x  u "  . { ' ,  . .  .

1 ' . -  
i ' r ' i ' i i i ' - n i " l '  : ' : r l '

= Q

Thus, y = cr sin 2x+ c2cos2x satisfies tl.re differential equation fol all values ofr andis a solution on the interval (- -' *)'

Example 1.5. Determine whether y - x2 - 1 is a so

Note that the left side of the differential equatior

is the sum of terms raised to the second and fourth pov

y(x) will satisfy this equation, the given differential ec

We see that some differ.ential equations have infinitely many solntions (Example 1.4), whereas other dif-

ferential equations have no solutions (Example 1.5). It is also possible that a differential eguation 
f4s -.",11"'lt

one sotution. Consider 0)a +y, =0, which fol reasons identical to those given in Example 1.5 has-onty one

s o l u t i o n y = 0 .  r i : ' l  :  
i " ' 1 1 f  i ' l  1 t l )  t 4 ; i

\,,,,, .,,it:.,,",i..;"^-d-jt; rirrto, sotutioii,t'adifferential equation is any one solution. The:'{-ineral-soLution of a differential
'.JI " eauation is the set of all solutions'

Example 1,6. The general solution to the differential equation in Example 1.4 can be shown to be (see Chapters 8 and 9)

/ = cr sin 2x + c2cos}x.That is, every particular solutidn of th. diff.t'"ntial equation has this general form. A few patticular

so lu t i ons  a rc : (a )  )=5 .s inZ r -3cos2x (choosec r=5and  cz= -3 ) , (b )y=s in2x (choose  c t= landcz=0 ) ' and (c )y=0

(choose c l= cz=0) '

The general solution of a differential equation cannot always be expressed by a single formula' As an example

consider the clifferential equation y' + y2 = 0, which has two particular solutions ! = llx and y = 0'

INITIAL-VALUE AND BOUNDARY-VALUE PROBLEMS 
-}J\ ilv f'

A differential equation along with subsidiary conditions on tl-e- unknown funotion and its derivatives, all

giu"n ut it 
"1s-u-g, 

vaiuetof the iniependent uariub-le, constitutes a{-iuiliqt,uaty::':llnIle.subsidiarY condi-

tions are initiat conditions' rf the subsidiary conditions are given aim-o'lp-ltrgl"=9:rp-Jal'ge of the independent

variable, the problem 
" 

^ 
?:::::y?;i?!yf U"4tem andthe conditions are b3y1..1ary-c.onditi3ny

Hence,
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y'(x) = - 2e-' + €-* - xe-, = - e-, - xe-,
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BASIC CONCEPTS lcHAP. 1

Is y(x) = 1 a solution of y" + 4' + y = x?

From y(x) = I it follows that y'(.r) = 0 and y"(x) = 0. Substituting these values into the difforential equation,
we obtain

y" + 2y' +y = 0 +2(0) + | = 7 + x

Thus, y(x) = 1 is not a solution.

1r5. Show that i =ln xis a solution of xy" +y'= 0 on ,9 = (0, co) but is not a solution on ,9 = (- *, *),
' 

On (0, -) we have !'=7lx and y"--1#. Substituting these values into the differential equation,
we obtain

^ j  + y

Thus, y = ln.r is a solution on (0, co).

Note that ) = ln x could not be a solution on (- co, oo), since the logarithm is undefined for negative numbels
and zero.

l.S. Show that y = ll(* - 1) is a solution of y'+ 2xy2 =g on .9 = (-1, i) but not on any larger interval

,, I containing.9.
' 
J On (-1, l),y=ll(f- 1) and its derivative y'=:2xl(x2- l)2 are well-defined functions. Substituting these

. values into the differential equation, we have

Thus, y =l l( f  -  1) is a solut ion on Jt = (-1, 1).
Note, however, that ll(xz - 1) is not defined at x = tl and therefore could not be a solution on any interval

containing either of these two points.

Determine whether any of the functions (a) y j,= sinZx, (b) yz(x) = x, or (c) y,(.x) = |sfur2x is a solution
to the initial-value problem y" + 4y = 0; y(0) = 0, y'(0) = 1.

(a) yr@) is a solution to the differential equation and satisfles the first initial condition y(0) = 0. However, y1,(x)
does not satisfy the second initial condition (yi(x) = ZcosZx;yiQ) = 2cos0 =2 *l); hence it is not a solution to the
initial-value problem. (b) yz(.r'') satisfies both initial conditions but does not satisfy the differential equation; hence
y2(x) is not a solution. (c) ys(x) satisfies the differential equation and both initial conditions; therefore, it is a solu-
tion to the initial-value problem.

Find the solution to the initial-value problem y' + y = 0; y(3) = 2, if the general solution to the differential
equation is known to be (see Chapter 8) y(x) = ct€-x, where c1 is an arbitrary constant,

Since y(x) is a soiution of the differential equation for every value of c1, we seek that value of c1 which will
also satisfy the initial condition. Note that y(3)=cp-3. To satisfy the initial condition y(3)=2, it is suffrcient
to choose c1 so that cp-3 =2, that is, to choose c' = 2e3. Substituting this value for c1 into y(x), we obtain
y(x) =)s3s-x =2e3-' as the solution of the initial-value problem.

/  r \  j
= r l - +  l + : = 0

\  x ' ) '  x

,rt,
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1,8.

1.9., Find a solution to the initial-value problem y" + 4y = 0; y(0) = 0, y'(0) = 1, if the general solution to the
differential equation is known to be (see Chapter 9) y(x) = cr sin 2x + c2 cos 2x.

Since y(x) is a solution of the differential equation for all values of c1 and c2 (see Example 1.4), we seek those
values of c1 an!c2 that will also satisfy the initial conditions, Note that)(0)=cr sin 0+c2 cos 0=c2. To'satisfy
the first initial condition, y(0)=0, we choose c2=0. Furthermore, y'(r)=2cr cos 2x-2c2 sin 2x; thus,

e
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Sol"iing(/),and,(Z)simult?nedusly,weobtain r;--.*td/E:l)$Sdr€rU;b(#,f,1)r,;no",,r,t,l.sr.,,,or.,ii
/'/r'

ffi 
t.r"*ne Q1 Qnd,c2 so that y(.r) = creUtyic2& +.a{in*".\'!U satisfythe cbnditions y(0) .+'0 and y'(0)'= 1.

"*rr 'B6bausesi i f0*o,y(0)=cl+c2..To.s.at isfy. ] t l ieeon$it ior iy(0)o'0, .w9requires  ' ' : , '  
, . . ' :  - 1 f :  i : , ,  

'  
, ,  1  

,  , r ; i ; [ , f l : . i  j .  j r . r j i : ' i + : ; , . . . i . .  
. i  : . ] r ' r J : ' . , r , . ,  . : i  i , ' : r r . 1

, , ' ,  l , r .  ; , . o r i a l - q 6 " i  : t i ' r " ,  - ' . : - i ' . ,  . g r i t t n ' r r i ; ' , n 4 ' , '  g 1 '
'  . ' {  .

. ' Froqr y' (x) lIcpb + czex +2 c1s Jc
::..i,.. .,rti,iJ r: . 1 . .t 

. 
.. 

'. ': '.1..', 't f i j ' i. ti1;".11'ri :lpifiirui;r' '+,li+t++"1;1it'ttlC,r-til ii i jt,,r:.t: '

- . lrygihaviqy'1(0).*i;c1+c2+2,Tosatisfythiconditlenyj(Q)+.,.1,weiequite2c1+,c'i '2'-l,or'
' l  l l i i . . i - . . . , j , . , , , , . . j , , ; : t i _ ' r ' , ' - 1 . ,  

. r . , . , ' , : . , , , ' t ) , , 1 . , ,  1 , , , S , , . , , . . r j r 1 ? r ' . . , i . : . :

.  + j , .  '  . . ' . . ,  r i , .  . . l j  i  , .  2q t * c2= ' - 1  . .  
- . . . .  

:  ( 2 )

iltti. r:;r, /vt i; ::trr.li lir itii i :: 1t! ) i)tlti f i, i -u;*r'' I$ts.

Solving,(/),and (?) SiinultanFously, we,optain cj= - and cp11, ' ': 
i

iii,1 r F{ e, b,,&i}1] z+



of the follow

)  y=2 ,  (b )  y= -+ ,  ( c
. , _,,,ii,ry,9;.,3

of .the;foJfowjng funotions afe'solutidf,s:

) = 0 ,  ( b )  ! = 2 '  @  Y = 2 t ,

! = x ,  ( b )  y = x 8 - x 4 ,

!od,  1! )  yr+qin:x '

1.45.

L,!,.,,
; ' .  i :

f,.1491

i . ; l ' i ! i , : , :  i \ : , # , , ,  ' : ' . , 1 t ' ,  , "  ; 1  . i '  
-

dbit'+o ttituogd rr+ginttg c1 artd'c2 so.thati

@

d y -
dx

ci,sin * t pz cos r'wlll

- a  . , / / n \ -  |  '
-  L )  J  \ v /  

-  '

,) 
_ 

. .rii 
LI ,i.,.ii,j; !,, ,, 

,i, 
,;i: 

..j.I${l

utionq qfthe.di{ferontial equation i - 4i + 4x = et

?!+et,  ( i l  x=te2t:+et,  (e) x=e?'+rc'

l,32ttuough 1'35i find c so that x(t) = sszt'6^1isfies the given initial condition'

= , ,  , [ ; ) = '

- 1, Y'(n) = 1



d.5t.

1.52i

1.53.

1rt4r,

lcHAP. 1

the prescribed

ffi y1*1=.:rl4r+ru,"Nyi,4,8iu*i,"rp(g)*!ijllri,#fpl.=
i ,r-r, '4ir ' i i i ;a.; irr..:r i; i i .,,: i . i i :rri*.*elkij.rri{t.:}q dirrrl ' .rr{. "t!Sd'

:lis f

'./ ?:;{}Iri,r

; .: i t . i  - ir ir, "{,S;t '


