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1 INTRODUCTION TO PARTIAL DIFFERENTIAL
EQUATIONS

1.1 Introductory Concepts

Def 1. A partial differential equation (PDE) is a differential equation in which the
unknown function depends on two or more independent variables. For example,

Uy — 3uy =0

is @ PDE in which u is the (unknown) dependent variable, while x and y are the
independent variables.

We can express a PDE in one dependent variable and two independent variables
by the general form

f(xayazazz7zyyzzy7zzz,zyy,...) =0 (1)

z is (unknown) dependent variable. x,y are independents variables.

Notations
Partial derivatives are often denoted by subscript notation indicating the inde-
pendent variables.For example,
0z 0z 02z 0?2 02z
T Ry = [ 2Ry — [ A s Rxr — [ o9 R = 3 5
o’ oy’ 0x0y 0x2’ ™% Oy?

We adopt the following notations throughout the study of PDEs,

Zy =

P=2%2z,q= 2y, T = Zgg, S = Z:):yat = Zyy
Example 1.1.1. Write the following equations by using the previous symbols.
Zoy + 22, + 32y + 52 = 22 + cos(z — y)

2y + 32, = 5z + tan(3z — 2y)

_ 2.2
Zex + Zyy = T°Y

1.2 Classification of PDE

To talk about PDE(s), we shall classify them by order, number of variables,
linearity, and types of coefficients



1.2.1 Classification by order

Def 2. The order of a PDE is the order of the highest derivative appearing in the
equation.
The degree of a PDE is the power of highest deriwative appearing in the equation.

Example 1.2.1.

2t = Rxzx
18 a second-order PDE.
du v
oy Oz

s a first-order PDE.

2t = Zypgr + SINT

18 a third-order PDE.

1.2.2 Classification by number of variables

The number of variables is the number of an independent variables appearing
in the equation. For example, z; = z,, has two independent variables (t,z), and
Up = Upy + %uee has three independent variables (t,r,6)

1.2.3 Classification by linearity

Def 3. A linear n-th order PDE is a PDE which can be put in the form. The
left side of the equation is a linear combination of the unknown function z and its
partial derivative (up to order n) with coefficients which are given functions of the
independent variables or constants. The right side must be some given function f of
the independent variables. If function f is indentically zero, then the linear PDE is
called a homogeneous PDE.

Example 1.2.2. Classify the following PDFE(s) as linear or nonlinear, specify whether
it s homogeneous or inhomogeneous.

(a) 2*Ugey + Y?uy, —In(1+y*)u =0 homogeneous linear PDE.

o o . . o o . /
Nonlinear functions of the dependent variable or its derivative, such as sin u, cos u, e*,
or Inu, cannot appear in a linear equation.

(b) u, +u®* =1 nonhomogeneous nonlinear PDE.



(¢) wugy + uy, —u =0 homogeneous nonlinear PDE.
(d) uze +u; = 3u homogeneous linear PDE.

(€) Ugayy + €"u, =y nonhomogeneous linear PDE.

Remark. The general second-order linear PDE for an unknown function uw = u(x,y)
18
Aty + Bugy + Cuyy + Duy + Euy + Fu=G (2)

where A, B,C,D,E,F and G are given functions (possibly constants) of x and vy,
with A, B, and C not all zero. If G = 0, then (2) is the general second-order
homogeneous linear PDE.

1.2.4 Classification by types of coefficients

-If A,B,C,D,E,F and G in (2) are constants then it called linear PDE with
constants coefficients.
- If one or more of the coeflicients A, B,C, D, E, F and G in (2) are functions of x
or y or x,y then it called linear PDE with variable coefficients.

1.3 Classification of second-order linear PDE

If we combine the lower order terms and rewrite (2) in the following form

Atyy + Bugy + Cuyy + I(z, y, u, ug, uy) =0 (3)
As we will see, the type of the above equation depends on the sign of the quantity
A(z,y) = B*(z,y) — 4A(z,y)C(z,y), (4)

Which is called the discriminant for (3). The classification of second-order linear
PDE is given as following

Def 4. At the point (xq,yo) the second-order linear PDE (3) is called
(i) hyperbolic, if A(xg,yo) >0

(i) parabolic, if A(xg,yo) =0

(111) elliptic, if A(xo,yo) <O

Example 1.3.1. Classify the following PDFEs as parabolic, elliptic, and hyperbolic.

3



(a) Uy = Uy
Ugy — Ut = 0
A=1,B=0,C =0
A =B?*—-4AC =0-4(0) =0, the PDFE is parabolic.

(b) Uty = Uy

Ugz — U = 0

A=1,B=0,C=-1

A=DB?-4AC =0— (1)(—1) =4 > 0, the PDE is hyperbolic
(¢) tay =0

A=0,B=1,C=0

A= B?—4AC =1-4(0) =1 > 0, the PDE 1s hyperbolic

(d) g, + uy, =0, where o is a constant,.
A=a,B=0,C=1
A=DB?—4AC =0 — 4o = —4a

We have three properties,
(i) if a = 0 the PDE is parabolic.
(i1) if « > 0 the PDE elliptic.

(1i1) if « < 0 the PDE is hyperbolic.

1.4 Solutions and Solution Techniques

1.4.1 Applications of PDEs

There are many applications of PDEs, in our study we will adopt the most im-
portant PDEs that arise in various branches of science and engineering.

Heat Equation

82u 1 (9u k N it tant ‘ (5)
—_— = is a positive constant.
02 kot P
Wave equation
82u 1 82u /{Z N iti t t ‘ (6)
- = 18 a positive constant.
0x? k2 ot2’ P




Laplace’s equation
Pz 0Pz

8_x2+8_y2_0 (7)

Def 5. A function u(z,y) is called harmonic if it satisfies Laplace’s equation; that
I8 Ugg + Uyy = 0.

Example 1.4.1. Verify that u = 3% cos 3y is a harmonic function.

Solution. Tuking the derivatives of u leads us to:

Uy = 3e3% cos 3y,  Uye = 9e3% cos 3y

u, = —3e**sin3y, uy,, = —9e*" cos 3y

U U+ Uy = 963 cos By — 9e3 cos 3y = 0, u indeed is a harmonic function.

1.4.2 Solution of linear PDEs

Def 6. A solution of linear PDE (2) is a function u = g(x,y) that satisfies the
differential equation.

Example 1.4.2. Verify that u(z,t) = sinx cos kt satisfies the wave equation (6).

Solution. Taking derivatives of u leads us to :

u, = cosxcoskt, ug, = —sinxcoskt,

w = —ksinxsinkt, uy = —k%sinx cos kt.

Uy = leutt

o, —sinxcoskt = 5 (—k?sinx cos kt) = —sinx cos kt, u indeed is a solution.

B

Example 1.4.3. Verify that u(x,y) = x* — y* satisfies Laplace’s equation(47).

Solution. Tuking derivatives of u leads us to:
Uy = 20, Ugy = 2,

Uy = —2Y, Uy = —2.

L Ugg T+ Uyy =0

5.2 —=2=0; u indeed is a solution.

Example 1.4.4. Verify that any function of the form F(x + kt) satisfies the wave
equation (6).

Solution. Let u = x + kt; then by using the chain rule for partial derivatives, we

have:
__dF dF __dF _ d?F _ d?F _ d&3F
Fo=gte =g, (1) = G Foo = gzte = 42(1) = gz

_dF, _ dF _ d*F,  _ 1.2d*F
Ft——ut— —(k'), Ftt—kmut—k’ PR
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e = kLtht

. ‘575 = k—IQ(kQZQTE) = ‘57?, so we have verified that any sufficiently differentiable
function of the form F(x + kt) satisfies the wave equation. We note that this means
that functions such as /x + kt, tan™'(x + kt) and In(x + kt) all satisfy the wave

equation.
Example 1.4.5. Verify that u(z,t) = e * sinx satisfies the heat equation (5).

Solution. Toking derivatives of u leads us to:
—kt —kt

Uy, =€ ' COST, Uy = —€ “'sinx
uy = —ke *tsin x.
O |
S Ugr = Eut
—e Msing = §(—ke Msinz) = —e Msinz, u indeed is a solution.

1.4.3 Solving linear PDEs by basic integration

Example 1.4.6. Let z = z(x,y). By integration, find the general solution to z, =
2zy.

Solution. Integrating with respect to x, we have:

[ zpde = [2zydx

z(z,y) = 2%y + g(y), where g(y) is any differentiable function of y.

Example 1.4.7. Let u = u(z,y). By integration, find the general solution to u, = 0.

Solution. Integrating with respect to x, we have:
f Uy do = f 0dz
u(z,y) = g(y), where g(y) is any differentiable function of y.

Example 1.4.8. Let u = wu(z,y,2). By integration, find the general solution to
u, = 0.

Solution. Integrating with respect to x, we have:
Juzdx = [odx
u(z,y,2) = fly,z), where f(y,z) is any differentiable function of y, z.

Example 1.4.9. Let u = u(x,y). By integration, find the general solution to u, =
2z,u(0,y) = Iny.

Solution. Integrating with respect to x, we have:

Juyde = [2zdx

u(x,y) = 2% + f(y), where f(y) is any differentiable function of y.

Letting x = 0 implies u(0,y) = 0> + f(y) = Iny. Therefore f(y) = Iny, so our
solution is u(z,y) = 2> + Iny.



Example 1.4.10. Let u = u(z,y). By integration, find the general solution to
Uy = 2.

Solution. Integrating with respect to y, we have:
Ju,dy = [2xdy
u(z,y) = 2zy + g(x), where g(x) is any differentiable function of x.

Example 1.4.11. Let u = u(z,y). By integration, find the general solution to
Ugy = 2.

Solution. Integrating first with respect to x, we have:

fuxydx: Idex

u, = 2% + g(y), where g(y) is any differentiable function of y.We now integrate u,
with respect to .

Juydy = [(2* +g(y)) dy ,

u(z,y) = 2%y + f(y) + h(x), where f(y) is an antiderivative of g(y), and h(z) is any
differentiable function of x.

If we solve u,, = 2z, our result would be the same.




Supplementry Problems

1.

2.

Verify that any function of the form F(x — kt) satisfies the wave equation (6).

If u= f(x —y), show that g—z+g—z=0.

. Which of the following functions are harmonic: (a)3z + 4y + 1; (b)e>* cos 4y;

(¢) In(x? + y?); (d) sin(e®) cos(e?).

Find the general solution to u, = cosy if u(z,y) is a function of z and y.

. Find the general solution to u, = cosy if u(x,y) is a function of = and y.

. Find the general solution to u, = 3 if u(x,y) is a function of z and y, and

u(z,0) =4z + 1.

Find the general solution to u, = 2zxy + 1 if u(z,y) is a function of x and v,
and u(0,y) = coshy.

. Find the general solution to u,, = 8zy* if u(z,y) is a function of z and y.

. Find the general solution to u,, = 3 if u(x,y) is a function of = and y.



2 Formation of PARTIAL DIFFERENTIAL EQUA-
TIONS by Elimination

We shall now examine the interesting question of how partial differential equation
arise. We show that such equations can be formed by the elimination of arbitrary
constants or arbitrary functions.

2.1 Derivation of PDE by the elimination of arbitrary con-
stants.

Consider an equation
F(z,y,2z,a,b) =0 (8)
where a and b denote arbitrary constants. Let z be regarded as function of two

independent variables x and y. Differentiating (8) with respect to = and y partially
in turn, we get

OF | OF _ . OF  OF _

or Yoz TV oy To. =
Eliminating two constants a and b from equations (8) and (9), we shall obtain an
equation of the form

0 9)

flx,y,2,0,q) =0 (10)

which is partial differential equation of first order.

In similar manner it can be shown that if there are more arbitrary constants than
number of independent variable, the above procedure of elimination will give rise to
PDEs of higher than the first.

Example 2.1.1. Construct the PDE by eliminating a and b from
z=ar+(1—a)y+b (11)

Solution. Differentiating (11) with respect to x,y , we get

0z
P (12)
0z

Now finding the sum of (12) and (13), we get

ptqg=1 (14)



Example 2.1.2. Find a PDE by eliminating the arbitrary constants from

z=ar’ +by?, ab>0 (15)
Solution. Differentiating (15) with respect to x,y , we get

0z P

p=g- =208 —a= - (16)
0z q

=—=2b b= — 17

4=g, =My —b=g (17)

Substituting (16) and (17) into (15), we get

pT+qy =22 (18)

Exercise. | Find a PDE by eliminating the arbitrary constants from z = ax® + by* + ab

Example 2.1.3. Construct the PDE by eliminating a,b and ¢ from

z=a(z+y)+blx—y)+abt+c (19)
Solution. Differentiating (19) with respect to x,y and t, we get

0z 0z 0z
%—a%—b, a—y—a_b, a—ab (20)

Since (a +0)? — (a — b)* = 4ab , we get by using (20)

0z, 0z, Oz
<8x) _(ay> ot

Example 2.1.4. Eliminate the arbitrary constant a from the following equation
z=ua(r+y) (21)
Solution. Differentiating (21) with respect to x ory , we get
p=—=a or ¢g=—=a (22)

Substitute a in (21), we get

z=plx+y) or z=qlx+y)



Example 2.1.5. Construct the PDE by eliminating the arbitrary constants from
2= (2" +a)(y* +b) (23)
Solution. Differentiating (23) with respect to x,y , we get

_ 0z p

_ 2 2 _ P
p=q =2u(y +b) — (" +b) = o (24)
:%:Q(ZEQ—FG)—)(ZEQ-FG):i (25)
1=g, =% 2

Substitute (24) and (25) in (23), we get
pq = 4xyz.
Example 2.1.6. Construct the PDE by eliminating the arbitrary constants from
z = axr + by + cry (26)

Solution. Differentiating (26) with respect to z,y , we get

0z
p=go=atey—a=p—cy (27)
0z
1=, cr —b=q—cx (28)
Now differentiating (27) with respect to y or (28) with respect to x , we get
0%z 0%z

= = p— 2
§ Oxdy  O0yox ¢ (29)

Substitute (27),(28) and (29) into (26), we get

Z = pr + qy — sy

2.2 Derivation of PDE by the elimination of arbitrary func-
tions.

If ¢(u,v) = 0 is an arbitrary function of u and v, where u and v are functions of
x,y and z. We treat z as dependent variable and x and y as independent variables

so that
0z 0z ox 0 @ B

= = — = — = =0
ar D oy @ oy " Ox

11



Example 2.2.1. Form a PDE by eliminating the arbitrary function f from

z=flz—y)
Solution. Differentiating partially (30) with respect to x and y , we get
== fle—y)() =z —y)
0
4=5 ==y =-f-y)

Now finding the sum of (31) and (32), we get p+q =0

Example 2.2.2. Form a PDE by eliminating the arbitrary function ¢ from

dlx+y+z 22 +y*— 2% =0.

Solution. Let

U=r+y-+=z v:x2+y2—22

Then (33) becomes
d(u,v) =0
Differentiating (35) w.r.t x partially, we get
0
Ooudx  OvOx
From (34), we get
ou ov
2 D 9p 9
Ox P or LT 4P
Substituting (37) into (36), we get

0 0
a—i(l +p)+ a—f(% —22p) =0

Again, diff. (35) w.r.t. y partially, we get
Do 0600 _
oudy Ovdy
From (34), we get
ou v

—=1+gq a—y=2y—2zq

12
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Substituting (40) into (39), we get

0 0
a—i(l+q)+a—f(2y—2zq) =0 (41)

Now we will eliminate % and % from (38) and (41), as follows

1+p 22 —2zp
1+q 2y—2zq

.. From the last equation, we get
+2)p—(r+2)g=x—y
Example 2.2.3. Eliminate an arbitrary function from the following equation
v+y+z=fa’+y’+27) (42)
Solution. Differentiating partially w.r.t x and y, (42) gives
L+p=f(2"+y* +2%)(2z + 22p) (43)

1+q=f(a®+y*+2°)(2y + 22¢) (44)

Determining f'(x®+y*+22) from (43) and (44) and equating the values, we eliminate
f and obtain

(1+p)/(2x +2zp) = (1 + q)/(2y + 22q)

(1+p)(2y + 22¢) = (1 + q)(2z + 22p)

Sly—2p+(z—x)g=2—y

Note. If the given equation between x,y, z contains two arbitrary functions, then in
general, their elimination gives rise to equations of higher orders.

Example 2.2.4. Eliminate the arbitrary functions f and g from

y = f(zx —at) + g(x + at) (45)

13



Solution. Differentiating partially w.r.t x and t , (45) gives

% = ['(x —at) + ¢'(x + at)
% _ f”(&: _ at) + g”(m -+ at)
0
a_?z _ f/(l’ o at)(—a) + g/(x + at)(a)
0%y

5 = '@ —at)(@) + ¢"(@ + at)(a)?

From the last equation, we get

82?/ 2 1! i
22— @ (f"(x —at) + ¢g"(x + at))
0
T ot? ox?

14
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Supplementry Problems

1. Eliminate the arbitrary constants indicated in brackets from the following equa-
tions and form the PDE.

(a) z=(r—a)*+ (y—>b)* (aandb)

(b) z=axy+b (aandb)

(¢) az+b=a*x+y (aandb)

(d) z=ax+by+a*+b* (aandb)

() ar+by+cz=1 (a,b,c)

(f)

()

N

N

2z =ae’sinbr (a and b)

z = +(y—0)? (aand D)

2. Eliminate the arbitrary functions and hence obtain the PDEs.

(a f(ﬁ,x—y)z()

)
(b) z=2f(z —y)
(c) 2= flz+ay)
(d) z= f(x+1iy) + F(x —iy)
(e) z=f(%)
(f) 2= f(%)
(8) z=ay+ f(z* +4°)
(h) z =™+ f(ax — by)
)

z=fa® +y? + 2222 —22y) =0

15



3 Lagrange’s method of solving the linear PDE of
first order, namely Pp + Qg = R.

Theorem. The general solution of the linear PDE
Pp+Qq=R (47)
s given by
¢(u,v) =0 (48)
where ¢ is an arbitrary function and
w(z,y,z) =c1, v(zr,y,z)=cy (49)
form a solution of the equations

dr _dy _d:

=0 & (50)

Note. Equations (50) are called Lagrange’s auziliary (or subsidiary) equations for
(47).

3.1 Working rule for solving Pp+()q = R by Lagrange’s method.
Steps 1. Put the giving linear PDE of first order in the standard form

Pp+Qq=R (51)
Steps 2. Write down Lagrange’s auxiliary equations for (51), namely,

dr _dy _d:

5 0" T (52)

Steps 3. Solve (52) by using the well known methods of previous chapters. Let
u(z,y,2) =c and v(x,y, z) = co be two independent solutions of (52).

Steps 4. The general solution of (51) is then written in one of the following three
equivalent forms:

d(u,v) =0, u=0¢W), v=ou)

16



3.2 Examples based on Working rule for solving Pp+ Qg =R
by Lagrange’s method.

dy _ dz

There were four rules for getting two independent solutions of ‘% =5 =%

3.2.1 Examples based on Rule I

Example 3.2.1. Solve the given PDE
2p+ 3¢ =1 (53)
Solution. Lagrange’s auziliary equations for (53) are

dv dy dz
2 3 1

Taking the first two fractions of (54) and re-writing, we get

3dx — 2dy =0
L3 =2y =q¢

Now taking the last two fractions of (54)and re-writing, we get

dy —3dz =0

Sy —3z2=c
Hence the required general solution is
d(Br —2y,y—32) =0
Example 3.2.2. Solve the given PDE
xp+yq ==z (57)
Solution. Lagrange’s auziliary equations for (57) are

dr _dy _d:

x Y z

17



Taking the first two fractions of (58) and re-writing, we get

d d
e _dy _
x Yy
Inx —Iny =1In¢ (59)
x
SR
Y

Now taking the last two fractions of (58)and re-writing, we get
dy dz

Z_Z )
Y z
Iny —Inz=1Incy (60)
Y
. = C9
z

Hence the required general solution is

Ty
Z2y=0
oY)
Example 3.2.3. Solve the given PDE
2p = —x (61)
Solution. Lagrange’s auziliary equations for (61) are
de dy dz
" 62
z 0 —T (62)
Taking the first two fractions of (62) and re-writing, we get
dy =0
’ (63)

Y=
Now taking the first and last fractions of (62)and re-writing, we get

zdr + zdz =0
64
i+ 2 = (64)

Hence the required general solution is
¢y, 2° +2%) =0

Exercise. | Solve the PDE p+q = 1. ‘

18



3.2.2 Examples based on Rule II.
Example 3.2.4. Solve the given PDE
p — 2q = 3x”sin(y + 27)

Solution. Lagrange’s auziliary equations for (65) are

de  dy dz
1 -2 3a?sin(y + 22)
Taking the first two fractions of (66) and re-writing, we get
2dr +dy =0
S2rty=aqa

Now taking the first and last fractions of (66)and using (67), we get
dx dz

1 322 sin(cq)
3x?sin(c)dr —dz =0
3sin(c)) — 2 = ¢
3 sin(2r +y) — 2 = ¢y
Hence the required general solution is
(27 + y, 2* sin(2z + y) — 2) =0

Example 3.2.5. Solve the given PDE

zyp + yq = zay — 22°

Solution. Lagrange’s auziliary equations for (69) are

dr dy dz
ry  y?  zay — 222
Taking the first two fractions of (70) and re-writing, we get
dr d
dr _dy _
Zz Y
Inx —Iny =In¢
x
— = Cl
)
T =yc

19
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Now taking the first and last fractions of (70)and using (71), we get

dr  dz
?_zy—Zx
dv  dz
T_Z—ch
de __dz_ (72)
1 z— 20
x—In(z —2¢;) = o
2x

rz—In(z——)=c
( y) 2

Hence the required general solution is

(% a = In(: - 25)) ~0

Exercise. | Solve the PDE z(p — q) = 2* + (z + y)*.

3.2.3 Examples based on Rule III
Example 3.2.6. Solve the given PDE

(y—2p+(@—ylg=2—x (73)
Solution. Lagrange’s auziliary equations for (73) are
d d d
r_o W o (74)

y—z x—y z-—=x
Since (y — z) + (x —y) + (2 — ) =0,
Sdr+dy+dz=0
Integrating the last equation, we get
rT+yt+z=0a
Choosing (x, z,y) as multipliers, we re-write (73) as

xdxr + zdy + ydz _xdr + 2dy + ydz
wv(y—2)+z2(z—y)+ylz—x) 0

Soxdr + zdy +ydz =0

xdr +d(yz) =0
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Integrating the last equation , we get
22 4 2z = ¢y
Hence the required general solution is
dx+y+ 2,22 +2y2) =0
Example 3.2.7. Solve the given PDE

de —  dy dz (76)

mz—ny_nx—lz:ly—mx

Solution. Choosing (I,m,n) as multipliers, we re-write (76) as
ldx + mdy + ndz _ldr + mdy + ndz
I(mz —ny) + m(nx — 12) + n(ly — mx) 0 (77)
Sldr +mdy +ndz =0

Integrating the last equation , we get
lx +my+nz=c
Again choosing (z,y, z) as multipliers, we re-write (76) as

xdr 4+ ydy + zdz _xdr + ydy + zdz
r(mz —ny) +y(ne — 12) + z(ly — mzx) 0 (78)
coxdr + ydy + 2zdz =0

Integrating the last equation , we get
4+ 42 =
Hence the required general solution is

d(lz +my +nz, 2> +y* +2°) =0

Exercise. | Solve the PDE yp — xq = 2x — 3y. ‘
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3.2.4 Examples based on Rule IV

Example 3.2.8. Solve the given PDE
1+yp+(1+2z)g="=2

Solution. Lagrange’s auziliary equations for (79) are

dx dy dz

14y 1 +z z
Choosing (1,1,0) as multipliers, we re-write (80) as

dz +dy+0 dr + dy

I+y)+(1+z2)+0 x+y+2

Taking the last fraction of (80) and fraction (81), we get
dz  dr+dy
z  xty+?2
Integrating the last equation , we get

z

- = Cl
T+y+2
Again choosing (1,—1,0) as multipliers, we re-write (80) as

dr —dy +0 _dxr —dy
14+y)—(1+2)+0 y—2x

Taking the last fraction of (80) and fraction (83), we get
dz dr—dy

z Yy—x

Integrating the last equation , we get
2(y — ) = ¢

Hence the required general solution is

() =

22

(79)

(80)

(81)

(82)

(83)

(84)



Example 3.2.9. Solve the given PDE

vz —y)p +2°(y — 2)g = 2(2* + y?)
Solution. Lagrange’s auziliary equations for (85) are

dx dy dz

Pl —y) a2 (y—x) 22 +y?)
Taking the first two fractions of (86) and re-writing, we get
dx dy

Pla—y) 22z —y)
2dz + y*dy = o

.'.1'3 —|—y3 =C

Choosing (1,—1,0) as multipliers, we re-write (86) as

dr —dy+0 dr — dy

Pl —y)+a2(z—y) +0  (z—y)a?+4?)

Taking the last fraction of (86) and fraction (88), we get

dz B dx — dy
A2 +y?) (v —y)(a® +3?)
% _dx —dy
z (v-y)

Integrating the last equation, we get

Hence the required general solution is

qﬁ(x?’—l—y?’,i) =0
T —Y
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Supplementry Problems
Solve the following PDE(s) by using Lagrange’s auziliary equation.
1. p+q==

3p+4qg=2

yq—ap ==z

TZPp +Yzq = Y

v’p + g = 2

S

ptqg=y
(tanz)p + (tany)g = tan z

p+3q =5z + tan(y — 3z)

o % =

yp + xq = zy2?(2? — y?)

24



References

[1] D. Bleecker and G. Csordas, “Basic Partial Differential Equations,” International
Press of Boston, 1997.

[2] R. Bronson and G. Costa, “Schum’s Outlines: Differential equation’s,”
MacGraw-Hill, 2006

[3] M. D.Raisinghania and R. S. Aggarwal, “Ordaniary and Partial Differential
Equations,” S. Chand and Company Ltd, 1981.

[4] D. G. Zill, “A First Course in Differential Equations with Modeling Applications
,"" Brooks/Cole, 2009.

25



